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Abstract 

In this paper we investigate the manner in which the internal spin angular 
momentum of a spinor field is encoded in the gravitational field at asymptotic 
infinity. The inclusion of internal spin requires us to re-analyze our notion of 
asymptotic flatness. In particular, the Poincare symmetry at asymptotic infin- 
ity must replaced by a spin-enlarged Poincare symmetry. Likewise, the gener- 
ators of the asymptotic symmetry group must be supplemented to account for 
the internal spin. In the Hamiltonian framework of first order Einstein-Cartan 
gravity, the extra generator comes from the boundary term of the Gauss con- 
straint in the asymptotically flat context. With the additional term, we es- 
tablish the relations among the Noether charges of a Dirac field, the Komar 
integral, and the asymptotic ADM-like geometric integral. We show that by im- 
posing mild restraints on the generating functionals of gauge transformations at 
asymptotic infinity, the phase space is rendered explicitly finite. We construct 
the energy-momentum and the new total (spin+orbital) angular momentum 
boundary integrals that satisfy the appropriate algebra to be the generators 
of the spin-enlarged Poincare symmetry. This demonstrates that the internal 
spin is encoded in the tetrad at asymptotic infinity. In addition, we find that 
a new conserved and (spin-enlarged) Poincare invariant charge emerges that is 
associated with the global structure of a gauge transformation. 



1 Introduction 

What happens when a spinor falls into a black hole? More specifically, what happens 
to the spin of the spinor when it falls into a black hole? For simplicity let's assume 
the blackhole is initially uncharged and non-rotating. Suppose the spinor has fallen 
behind the horizon, so the spinor field has support only in a region inside the horizon 
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and there is no way that an observer at constant radius outside the black hole can 
extract any information directly from measurements of the the field itself. What 
information about the spinor field can an observer at rest at spatial infinity extract 
from classical measurments of the available fields at infinit}0. Clearly the mass of 
the spinor is information that is available to the observer since the mass of the black 
hole will increase, and the ADM mass is a quantity which one can compute from the 
gravitational field at asymptotic infinity. Similarly, the ordinary angular momentum 
of the black hole may increase dues to the addition of the orbital angular momentum 
of the spinor field, and this is encoded in the asymptotic gravitational field via a 
similar ADM expression. The charge of the spinor, since it couples to a long-range 
force, can be extracted through measurements of the electromagnetic field at spatial 
infinity. What about the internal spin angular momentum? One may argue that 
the internal spin also couples to the electromagnetic field giving rise to a magnetic 
moment, whose value is a unique characteristic of spinors. But, what if the spinor 
is a neutrino? The neutrino does not couple to any long range forces other than 
gravity. Any information about the field from its coupling to the electroweak force 
will be well hidden behind the horizon. Can the internal, half-integer spin be encoded 
somehow in the gravitational field at asymptotic infinity? At first glance this may 
seem peculiar since half integer spin is a property unique to fermionic matter, and 
the gravitational field is generally strictly associated with bosonic properties. 

In this paper we argue that the internal spin can indeed be encoded in the grav- 
itational field of an asymptotically fiat spacetime. We will work entirely in the first 
order, Einstein-Cartan framework of gravity, where the torsion is allowed to be non- 
zero. Coupling the gravitational field to spinors, we will investigate the total angular 
momentum of an asymptotically fiat spacetime. Working with the first order frame- 
work has the advantage that the full theory is finite without the addition of infinite 
counter-terms as has been recently shown [H [2] . Here we will show that in the first 
order framework, the total angular momentum picks up additional terms in order to 
account for the internal spin of the fermionic matter in the interior of the spacetime. 

In an open universe, typically each constraint of the total Hamiltonian must pick 
up a boundary term at asymptotic infinity to make the theory finite. These bound- 
ary terms turn the total Hamiltonian constraint into a true, non-zero Hamiltonian 
and each component is the generator of the Poincare symmetry of the spacetime at 
asymptotic infinity. In addition to the Hamiltonian constraint and the diffeomor- 
phism constraint whose boundary terms generate asymptotic translations (or proper 
Lorentz transformations with a different choice for the Killing vector), the first order 
framework has an additional constraint, the Gauss constraint, which generates local 
Lorentz transformations of objects living in the Spin{3, 1) representation space, like 
spinors. 

Although expressions for the total angular momentum of asymptotically fiat space- 
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times have been considered in the past including spinors coupled to the gravitational 
field via the tetrad, such investigations typically rehed on the second order frame- 
work where the connection is expressed as an explicit function of derivatives of the 
tetrad. In this case, since the tetrad is tensorial it has been claimed that the Gauss 
constraint does not pick up a boundary term and there is no additional term in the 
angular momentum to account for internal spin [U HI [5] . Here we show that in a true 
first order framework the Gauss constraint must pick up a boundary term which we 
identify with the generator of internal Lorentz transformations of the total internal 
spin angular momentum of the spacetime. As usual, the new bulk + boundary term 
is generically non-zero, and it can be evaluated to give the total internal spin angular 
momentum which includes the new contribution to account for the internal spin of 
fermions in the interior. 

The physical mechanism that allows for this identification of the new boundary 
term with the internal spin is the coupling of the internal spin of the spinor field with 
the gravitational field via the tetrad. Working in the first order framework, thereby 
allowing for torsion, will allow us to exploit recent results concerning the finiteness 
of asymptotically fiat first order gravity [U [2] • In the standard, minimal first-order 
framework, the torsion does not self-propagate and it is non-zero only when the axial 
current is non-zero. Since we will assume the spinor fields fall off sufficiently rapidly 
outside a region of compact to be negligible at the boundary, the torsion is effectively 
zero at asymptotic infinity. Since the results we will derive are only strictly known to 
be valid in the first order framework, the precise role of torsion remains unclear. For 
example, it is not known if the existence of non-zero torsion in the interior affects the 
geometry near asymptotic infinity to encode the internal spin, or if such an effect is a 
more generic property of the coupling of spinors to the tetrad which would remain even 
in a torsion free, second order framework. As mentioned previously, some evidence 
that the latter scenario is not the case has been presented in the literature HI [5], 
however, a full analysis of the second order theory is necessary to reach a definite 
conclusion on this matter. 

1.1 Conventions 

Our conventions used in this paper are as follows. We assume that spacetime, (M, e) is 
a four-dimensional Riemannian manifold with metric signature (—,+,-(-,-(-). We will 
work with Grassman-valued spinor fields, which we will assume to be Dirac spinors. 
To ensure that the inner product on Dirac spinors is real, this signature requires that 
we define the dual spinor with an extra factor of i so that ip = iip'^'-y^. Generically 
upper case Roman characters {J, J, -ft", ...} will refer to internal Lorentz indices, while 
lower case Greek indices i/, ...} will refer to spacetime indices. Since we will 

be dealing with asymptotically fiat spacetimes, we will have occasion to introduce 
an abstract vector space whose elements transform under a vector representation of 
the Lorentz group. Objects in this vector space will be denoted by hatted uppercase 
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Roman indices {/, J, iT, ...}. Usually we will work in an index free Clifford algebra 
notation where the tetrad is valued in the vector elements of the Clifford algebra, e = 
^7/6^, and the spin connection, u) = ^■jj'jj uj^^-^\ takes values in the bivector elements 
of the algebra. The spin connection is not assumed to be torsion free, so its torsion 
and curvature are given by T = D^^e = ^jiT^ , and = du + uAuj = j'ji'yj R^"^ ■ The 
duality operator is given by t^t = —275 = 7°7^7273 = with eoi23 = 

_g0i23 _ ]^ rpj^g upppercase D will be reserved for the exterior covariant derivative 
with respect to the spin-connection: D = = d + u. To avoid proliferation of 
symbols, we will drop explicit wedge products between differential forms, and in 
integral expressions the trace over the Clifford algebra in a 4 x 4 matrix representation 
is assumed. To distinguish vectors and forms on M from the vectors and forms defined 
on the infinite dimensional phase space, we will denote the latter in bold font. We will 
use two notations for the contraction operation denoted <y{V) = lya = a{V, ... , ). 

1.2 Outline 

The outline for this paper is as follows. Section ([2]) begins with a basic review of 
angular momentum including the internal spin angular momentum of fundamental 
spinor fields. Our review focuses on the algebraic properties of the spin enlarged 
Poincare symmetry that establish the notion of conserved total angular momentum. 
In section ([3]), we outline the basic set-up for the problem, detailing the first or- 
der Einstein- Cart an action with an asymptotic boundary and fermionic matter, and 
the construction of the symplectic form in the covariant phase space approach. We 
show that in Einstein-Cartan gravity, in addition to the Hamiltonian and momentum 
constraints, the Gauss constraint also must be supplemented by a boundary term 
which generates internal Spin{3, 1) transformations on the asymptotic boundary. We 
then review, in section (jlj), the construction of the Noether charges corresponding 
to energy-momentum and total (spin+orbital) angular momentum of the Dirac field 
focusing on some subtleties of the group structure that must carry over into the 
asymptotic symmetry group. We conclude this section with a generalization of the 
Noether charges to spacetimes with curvature and torsion. In section ([5]), by assuming 
the existence of a global Killing vector, we use the previously constructed symplectic 
form and the generators of the spin-enlarged Poincare symmetry to reveal the rela- 
tions between the geometric boundary integrals of gravitational fields and the bulk 
integrals of matter fields. Here we highlight the role of the additional boundary term 
coming from the Gauss constraint and its relation to the internal spin angular mo- 
mentum. This additional term allows us to establish the relations among the Noether 
charges, the Komar integral, and an ADM-like asymptotic integral. In section (jS]), 
we lift the restriction on the existence of a global Killing vector and assume that 
we only have asymptotic (spin-enlarged) Poincare symmetry. Using recent results on 
the finiteness of first order Einstein-Cartan gravity, we establish that the additional 
Gauss surface term is explicitly finite as well so long as we impose mild restrictions on 
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the set of allowed gauge transformations near asymptotic infinity. Continuing with 
this analysis in section ([7]), we show that requiring that the local gauge group of 
Einstein-Cartan gravity reduces to the spin-enlarged Poincare group at asymptotic 
infinity demands further restrictions on the allowed internal gauge transformations 
at asymptotic infinity. We show that with these restrictions, the energy-momentum 
and total (spin+orbital) angular momentum geometric boundary integrals are gauge 
invariant and satisfy the spin-enlarged Poincare algebra under the Poisson bracket, 
and we construct the two invariants from the Casimirs of the algebra. We show that, 
surprisingly, a new (spin-enlarged) Poincare invariant charge emerges from the con- 
struction that appears to be associated with global information contained in a gauge 
transformation itself. 



2 Spin 

Here we will recall some basic facts about internal spin angular momentum. We wish 
to emphasize that the existence of conserved internal angular momentum follows from 
pure algebraic considerations alone, apart from the dynamics of the particle. 

Recall that Poincare algebra can be obtained from a Wigner-Inonii contraction 
of the de Sitter or anti-de Sitter algebra by taking the limit as the "cosmological 
constant" goes to zero [6]. The (A)dS algebra is formed by the Lorentz generators 
A = \\i.]J^^ together with the pseudo-translation generators, here scaled by the 
cosmological parameter £. The (A)dS algebra is then 

[Ai,A2] = A(^A^'^ I J/j 

[A,r/] = XiKv'^jP' 
[^1,^2] = ^ViV2 I JiJ- (1) 

The Poincare algebra is obtained by taking the limit as £ ^ 0, keeping terms lin- 
ear in i and dropping higher order terms. The algebra is unchanged apart from 
the commutator of two translations, which now commute. Being second rank, semi- 
simple algebras, the de Sitter algebra, (iS'4 ~ 5*0(4, 1), and the anti-de Sitter alge- 
bra AdS4^ ~ SO{3,2) both possess two invariant Casimir operators. The standard 
quadratic Casimir contracts to the conserved mass of the Poincare algebra: 

C2 = PiP'. (2) 

In addition to this, the algebras possess a quadratic Casimir, which also contracts to 
an operator on the Poincare algebra, given by C4 = WiW^ where Wj = ^ejjKLJ'^^P^- 
In the massive case (which due to the positive energy theorem will be the case of pri- 
mary concern) this operator can be re-expressed as 

C4 = —C2 \ JijJ^^ (3) 
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where J is the perpendicular projection of a into the components perpendicular to 
the momentum: 

J'' J^^ ±S= ^'j - P'Pj/P P- (4) 

The generic eigenvalues of the quadratic Casimir take on continuous values (the mass 
squared), C2 = — M^. On the other hand, the quotient C4/C2 takes on discrete values 
in an irreducible representation yielding the relativistic angular momentum invariant: 

C4/C2 = s(s + 1) with seZ/2. (5) 

In fiat spacetime, the single particle, spinor realization of the Poincare algebra consists 
of the translations, which are the ordinary momentum operators Pfj^ — —id^, and 
the angular momentum generators given by J°^^ = + Here 3'^^^^^ = 

—i{x°'d^ — x^(9°) is the (relativistic) orbital angular momentum operator, and = 
the genrator of internal Lorentz transformations. In the single 
particle case, only the spin angular momentum contributes: 

C4/C2 = = i (I + 1) . (6) 

However, generically in a multi-particle theory or field theory, both the orbital and 
spin angular momentum components will contribute to the relativistic angular mo- 
mentum invariant. 

Since the spin invariant is constructed from purely algebraic considerations, the 
notion of internal spin should be inherent in any realization of the Poincare algebra. 
In particular, the isometrics of an asymptotically flat spacetime spacetime form a 
realization of the Poincare algebra. Since the Einstein equations coupling gravity to 
spinors admit asymptotically flat solutions, the total spin of the matter content in the 
interior of the spacetime should be encoded in the geometry at asymptotic inflnity, 
and the total invariant spin of the spacetime should be encoded in the generators of 
the realization of the Poincare algebra. However, to our knowledge this has not yet 
been realized in the literature. 

Prom the explicit form of C4/C2, it is clear that preserving the full covariance of 
the Poincare algebra is essential in the construction. One might expect that since 
C4/C2 generically has the same eigenvalues as the Casimir of SU{2), a gauge fixing 
which preserves the SU{2) subgroup may still contain all the necessary information 
about the spin to construct the spin invariant. More explicitly, given a particu- 
lar value for the momentum , one can always perform a group reduction from a 
faithful representation of Spin{3, 1) to a faithful representation of only the subgroup 
5'f/(P)(2) that preserves the momentum 4- vector . On this restricted set with fixed 
momentum, the Casimir C4/C2 is identical to the Casimir of the representation of 
SU(^P){2), which explains why the Casimir takes on the discrete spectrum characteris- 
tic of non-relativistic angular momentum. On the other hand, the momentum vector 
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is not given a priori — it will be different for each realization. Thus, to fully capture 
the internal spin angular momentum, one must work in a completely covariant frame- 
work where the full Poincare algebra is preserved. Any gauge fixing will eliminate 
physical degrees of freedom. For our purposes, this means that one must work with a 
completely covariant framework of the Hamiltonian analysis of Einstein- Cart an grav- 
ity [3 El [91 as opposed to, for example, the common gauge choice of the time gauge 
where the gauge group is reduced by hand by fixing a timelike vector field in the 
fiber. Throughout this paper we will adopt the "covariant phase space" approach 
[Tot fTTj [T2| [T3] where the phase space is restricted to be the set of solutions to the 
Einstein-Cartan equations of motion. This allows us to define a conserved symplectic 
form without the need for gauge fixing. 



3 The Set-up 

Consider the action of first order, Einstein-Cartan gravity coupled to a spinor field: 

with the gravitational part of the action given by the Einstein-Cartan action together 
with a surface term at asymptotic infinity: 

Sgrav = T I *eei?-i/ -keeuj 

Jm ^ JdM 

= f ^iJKLcU'R^'^-j- [ euKLe'e'u^K (8) 
4fc Jm 4A; Jqm 

Here the spacetime manifold M is a taken to be a differential manifold with a timelike 
boundary at infinity, DM = Toq. As usual in the canonical framework, we also assume 
the manifold has the topological structure M = E x M, where E is a spatial hyper- 
surface with dT, = S"^ is the boundary at spatial infinity. The surface term is chosen 
so that when the phase space corresponding to an asymptotically flat spacetime is 
chosen carefully, the gravitational action is functionally differentiable [HE]- 

The fermionic part of the action we will take to be a massive Dirac field with either 
compact support or fall-off conditions such that boundary terms can be ignored, whose 
action is 

Sferm = a - ic 6 6 6 Dtp + D-lp 6 6 6 -Ip) — rnijj'llj ic 6 6 6 6 

r ]^ /jYi — 

Jm ^ 4 
= 6a J d'^x e ^-Cj^'ipY D^4' ~ Dfj^'ipY'ip) — m^p^p^ . (9) 
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The variation of the action with respect to the connection gives the torsional 
condition 

jK = -3i ka ip'j^'lMi^ jk ■ (10) 

The variation with respect to the spinor fields give the ordinary Dirac equation when 
the above is taken into account, and the variation with respect to the tetrad gives the 
Einstein-equations with an effective 4-fermion interaction coming from the torsional 
term in the field strength. 

We now wish to construct the symplectic form. Since the boundary term contains 
no derivatives, it docs not contribute to the symplectic form. Taking the boundary 
of the manifold to be Ei U E2 U t^o where Ei and S2 arc initial and final spacclikc 
hypersurfaces and Too is the timelike cylinder at infinity, an arbitrary variation of the 
action on the covariant phase space reduces to: 

SS^JoM + d-^ icd{ee)uj (11) 

^ Too 

where 

J,^ = -U *.See^^f 6^*eee^-^*eeeS^. (12) 

k JdM 2 Jq^ 

and e ^e^ + 0e + 0^ + 0^ with 

Oe — J I 8e{e-k R — -kRe) 
k Jm 

+a / -{ip-k6{eee)D'ip + D'ip-k6{eee)'4>)—rri^'ip-k6{eeee) 

JM 2 

0u} = J Suj D{-kee) -\ — / ip {-ke e e 5uj — Suj -k e e e) ip 
k Jm 2 Jj^ 

0^ — a J ^- (^D{il) ic eee) + (Dip) ic eee) — mi/j * eeee^ Sip 

0^ — a J dip ^-{*eee Dip — D^keeeip)) — mice eeeip^ (13) 

As usual, for arbitrary and independent variations, {de,Suj,dip,Sip), the vanishing 
of the individual terms 0^iy yield the pointwise equations of motion. Treating d as 
an exterior derivative on the phase space, the exterior derivative of the symplectic 
one-form J yields the (pre) symplectic form: 

Qqm = -SJqm ^ j; I kdujAd{ee) + ^ f d{ipiceee)ASip+SipAS{keeeip). (14) 

^ JdM 2 Jq]^ 

The "covariant phase-space", F, is the subspace, : F ^ F of the phase space 
whose points consist of solutions to the equations of motion. On F, the one-form 
is identically zero. With appropriate boundary conditions defining the phase space. 
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the symplectic flux across the timehke surface at infinity can be shown to vanish [T]. 
Restricting variations to those that preserve the equations of motion forces the d term 
to vanish and a second variation of the action on the covariant phase space can then 
be shown to yield the conservation equation: 

5(0*55) = - f^Ei = . (15) 

Now, consider the action of a locally infinitesimal Spin{3, 1) gauge transformation 
generated by A. Under such a transformation, the dynamical fields transform accord- 
ing to 

e e' = e + [A, e] 
u oj' = UJ — D^X 
ip —>■ if}' = if) + Xip 

^ %lj' = %l)-^X. (16) 
A generic functional of the dynamical variables will then transform as follows: 

/[e, ^, /[e', u', V-'] = / + C-xf , (17) 
where A is the vector field in the tangent space of the covariant phase space given by: 

V = / [A, e] If - Z^. A£ + 1^ AV^ - V^A|X . (18) 

The symplectic form will be invariant under this transformation only if = 
(5f2(A, ) = 0. This means that fl{X, ) must be closed or, locally, exact. The 
local functional serving as the generator of local Lorentz transformation is the Gauss 
functional: 

G{X) = \ f -DX ^ee+ ^ I -ip{X,i<eee}ilj . (19) 

As to be expected, the functional G(A) and A are canonical duals in the sense that 

ri(A, ) = dG{X) , (20) 

demonstrating that the symplectic form is invariant under local Spin{3, 1) transfor- 
mations. 

Unlike the case of a closed spatial manifold S, the Gauss functional is no longer 
constrained to vanish — taking the boundary to be the two-sphere at spatial infinity, 
dJ2 = S*^, when evaluated on the the solutions to the equations of motion, the Gauss 
functional yields the boundary term (which was also noticed in the context of BF 
theory in \1A\ and asymptotically AdS spaces in [15j): 
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This is in direct contrast to specific claims in the hterature regarding the second 
order formahsm [SI HIE], where it was stated that due to the tensorial transformation 
properties of the tetrad, the Gauss functional does not pick up a boundary term and 
retains its status as a constraint. 

We would like to study the properties of the boundary term G(A) evaluated on 
the covariant phase space. We first note that given two different generators Ai and 
A2, the commutator of the vector fields Ai = A(Ai) and A2 = A(A2) is a reflection of 
the spin(3, 1) Lie-algebra: 

[Ai,A2] = A([Ai,A2]). (22) 
This algebra is reflected in the Poisson algebra of G{X): 

{G(Ai), G{\2)} = f2(Ai, A2) = ^([Ai, A2]) (23) 

Thus, the functionals cr{X) satisfles the same commutation relations as the generators 
of relativistic angular momentum. As we will see, this functional must be added 
to the ordinary ADM expression for angular momentum in order to account for the 
internal spin of the asymptotically flat spacetime. 



4 Isometries and Rigid Gauge Transformations 

The total angular momentum of an asymptotically flat spacetime is intimately con- 
nected to its behavior under a global Lorentz boost or rotation. Since generically in 
the bulk, Einstein gravity has both diffeomorphism and local Lorentz symmetry as 
separate, unrelated local symmetries, we need to delineate a local gauge transforma- 
tion from a global isometry, or rigid gauge symmetry. 

Let's flrst begin with a review of the global symmetries of the Dirac equation in 
a flat, torsion free spacetime, focusing on the particular aspects that will generalize 
to arbitrary asymptotically flat Einstein-Cartan spacetimes. In the Minkowski case, 
the Dirac equation is given by: 

-iU^jD^i) = m4} . (24) 

We will work in the standard Cartesian basis where the tetrad is trivial, = 5^, 
and the spin connection coefficients are zero, = d^. Consider a diffeomorphism 
generated by a Killing vector = s^^x^ , where s^'^ = —s'^^. To satisfy Killing's 
equation in this gauge, we need daS^y = 0. Suppose that the spinor transforms 
actively by a simultaneous local Lorentz transformation and diffeomorphism given by 
ip ^ ip' = ip + K^d^ip + where A/j = is the infinitesimal boost 

or rotation parameter, which we will also assume to be constant in this gauge. The 
new spinor field ip' will also satisfy the same Dirac equation provided that the Killing 
vector and the local Lorentz transformation are related by: 

5^ d^j A" = A^" = -s^" . (25) 
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This is an example of what we will refer to as a rigid gauge transformation. The key 
point is that the diffeomorphism an gauge transformation are related in such a way 
that the combination of the two gives a global isometry. Indeed, the above condition 
can be written in a more revealing way as follows. The desired transformation is 
nothing more than an ordinary combination of a diffeomorphism together with a 
local Lorentz transformation (an infinitesimal element of Spin{3, 1) xi Diff4) such 
that ip ^ ip' = ip + C^ip + and Cj ef = + Ck^^j — \^ je'^. However, we 
impose the additional requirement that the transformation is a tetrad isometry in the 
sense that = ej". Thus, the rigid gauge transformation must satisfy 

Ckc^ = A^,e^ , (26) 

which implies the conditions X^'^ = —s^^ if = s^i,x'^ . 

4.1 The Noether Current of a Rigid Gauge Transformation 

Consider the flat-space (torsion-free) Dirac action in Cartesian coordinates 



S = 6a J d'^x \ (y^'^^d^ip — d^ip'y^ijj) — mipip (27) 

Under an arbitrary variation, the action transforms on-shell by 

5S^Qa j d^x {\ip Y 5ip - \5i) 7^ ^) (28) 

Suppose now that the variation is a rigid gauge transformation 

6i) = Cfii) + Xi) . (29) 

where K and A is a pair satisfying (126!) Under this transformation, the action is 
preserved on-shell: 



dS = 6a j d^xd^ {K" (i {ip^'^d^^ip - 5„V^7>) - mipip)) 

fti 0. (30) 

Putting the two expressions together, we have the conserved current 

= 3a {K-^ {^P^d^^P - d^i;^^) + X^p h"7^}^)) (31) 

which, in turn, yields the conserved charge 



Q(K,x)= / d'xjlj^^^y (32) 
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To gain a better understanding for the conserved charges, we introduce a basis for 
the set of isometries of Minkowski space. It is convenient to introduce a new set 
of indices A := (0,1,2,3,4) labelhng the vector representation of the Lie algebra 
iso(3, 1) obtained from a contraction of 3o(4, 1). The set of ten basis vectors K^^^^ 
satisfy the following algebra under the Lie bracket: 

'x{AB} ^ ^{CD} 

where f^^^^^'^^^^p} are the structure constants for the Lie algebra i5o(3, 1). For 
convenience, denoting the Lorentz indices by uppercase hatted indices towards the 
end of the alphabet, /, J, K... = (0, 1, 2,3), a convenient basis of pairs 
satisfying (l26l) is: 

Alf ^ = Si6j - 8'j5i (34) 
A{f = 0. (35) 

With these definitions, we have a total of 10 conserved currents J^^^^ yielding the 

ten conserved charges that we now identify with the energy-momentum and the (to- 
tal=spin-|-orbital) angular momentum: 

= J £x = / "^^^ (^^"'^^^ - ('9''^) 7V) (36) 

= 6a y d^x ^6l;l (V't" x^d^tp - (x^'d'^ij) 7V + ^^{7° , 7^7''}^') • (37) 

A key property of the symmetry group can be seen from the form of the gen- 
erators given above. The Killing vectors and the matrix generators A''^'^"'^ generate 
metric isometries and internal Lorentz transformations. Together, they generate the 
group structure Spin{3, 1) ® (5*0(3, 1) k M^'^) as will be discussed in more detail later. 
In addition to this, the generators of the internal boosts and rotations are not inde- 
pendent from the generators of the spacetime boosts and rotations, but instead are 
"locked" by the condition (IMl) . Since the generators were constructed from the condi- 
tion that the transformations preserve ^e, we will refer to the (component connected 
to the identity of) this group as the spin-enlarged Poincare group and denote it 0(°e). 
This construct will be pivotal when considering the isometries of asymptotically flat 
spacetimes in later sections. 



f{AB}{CD} „ , J^{EF} 



(33) 



d 

dX,y 

d 
dx„ 
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4.2 Rigid Gauge Transformations with Curvature and Tor- 
sion 



We now wish to generalize the concept of a rigid gauge transformation to spacetimes 
with curvature and torsion, in a coordinate independent manner. For this it will 
be easiest to consider the transformation of the co-frame = dx^, and the spin 
connection uj^'^ = uj^"^ ^ dx^. The complete geometry is fixed in a local trivialization by 
specification of the co-frame and the spin connection. Therefore we wish to consider 
an infinitesimal transformation that does not affect these fields. Under a generic 
infinitesimal Spin{3, 1) xi Diff4 transformation we have: 

^ e'^ = e^ + CKe^ + X^Ke^ 
uj'J ^ = uj" + Ckuj'-^ -D^X'^ . (38) 

A rigid gauge transformation, or a geometric isometry is defined by the conditions 
= e'^ , and uj^"^ = uj'^^ yielding the defining conditions 

Cj^e^ = -X\e^ (39) 
Cjiuj'' = D^A". (40) 

In the case of flat curvature and zero torsion, these conditions reduce down to the 
global isometries of the Dirac equation presented above. From the definition of the 
metric tensor, g = rjije^ ® e'^ , condition ( l39l) requires that 

CkQ = 0, (41) 



so K must be a Killing vector. Thus, the isometry conditions are highly restrictive, 
and not all spacetimes will admit fields K and A such that (l39l) and ( l40l) are satisfied. 
To analyze the following, it will be useful to introduce the concept of a gauge covariant 
Lie derivative. The generalization is straight-forward. We define the gauge covariant 
Lie derivative, of ^ Lorentz vector (or spinor) valued p-form a such that under 
the transformation a — > g{a), we have Cj^{g{a)) = g{Cxa), and Cp^D^a = D^Cj^a + 
Cj^ua — {—lyaCj^uj. It can easily be shown that these two conditions are satisfied 
by 

Cfia = {Da){K) + D{a{K)) 

CkU = R{K). (42) 

With these definitions, the conditions fl39p and fl40l) can be written in a more mani- 
festly covariant way by: 

£^e^ = T\K) + DK^ = -XJ ^e^ 
jCjiLJ^-' = R{K) = DX^^ (43) 



13 



where A" = A^-^ - uj^\K). Since the above expressions are manifestly covariant, 
it is sometimes convenient to work with the covariant Lie derivative. However, one 
must be careful in that fixing A to be phase space independent forces A to be phase 
space dependenlH. The advantage to this covariant form is that in the fiat space 
torsion-free limit, the generators Cj^^j^ generate the S'0(3, 1) ix R^'^ subgroup and 

A''^'^'^^ satisfy the Spin{3, 1) algebra separately. The direct product between the two 
groups in 0(°e) is then manifest since f H3l) implies Cj^^fjyX^^^^ = 0. However, since 
the generators A are phase space dependent, there are subtleties in the canonical 
theory, which roughly speaking come from the difficulty of generically separating 
spin angular momentum from orbital angular momentum in an arbitrary gaug^. To 
get around these subtleties, we will always work in a Cartesian basis at asymptotic 
infinity where is a constant so that 9^°e^ = 0. In this case, the six boost and 
rotation Killing vectors are always paired with the six independent internal generators 
A, and the corresponding generators to the translational Killing vectors are all zero. 
Furthermore, in this gauge the covariant and ordinary Lie derivatives coincide and 
one can easily separate spin from orbital angular momentum in the canonical theory. 

Now, suppose we have a solution to the full set of the Einstein-Cartan-Dirac 
equations characterized by the fields e, u, ip and ip. Assume that the geometry 
admits a passive isometry of the form fH3|) and fH3|l . Then given the solution ip, 
the actively transformed field ip' = ip + jCj^tp + Xtp is also a solution for the same 
gravitational field configuration e and uj. 

With the definition of a rigid gauge transformation given above, the Noether 
charge can now be easily generalized to spacetimes with curvature and torsion. Sup- 
pose the spacetime (M, e) admits a rigid isometry generated by the pair {K, A) sat- 
isfying (|39l) and (l40l) . Then the Noether charge (evaluated on-shell) associated with 
this rigid isometry is 

a f - 

In the low curvature, low spin density limit when the spacetime is approximately fiat 
and torsion free, the spacetime admits ten Noether charges and flH|) reduces to fl5Bl) 
and (!37|) for the ten basis generators. 

^From generic arguments, it can be argued that A and not A should be phase space independent. 
For example, fixing SK = and 5X = 0, means that the variations Se and 6lu will themselves satisfy 
the rigid gauge conditions (covariant or non-covariant). This is not true if one tried to fix SK = 
and <5A = 

■^The difficulty stems from the the fact that generically the vector field \=j:J — -DA + [A, e] ^ 
is generically not a symplectomorphism since r2(A) ^ —S^ f -kXee + ^ f -kSXee. Combined with a 
generator for the covariant Lie derivative, under the condition of a rigid gauge transformation, the 
extra terms cancel, so the combination is a symplectomorphism. However, it is therefore clear that 
it is difficult to generically separate the spin from the orbital angular momentum. These problems 
disappear in an asymptotically Cartesian gauge. 
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5 Relation between the Noether charge, the asymp- 
totic ADM integral and the Komar integral 



In this section we will relate the Noether current corresponding to total angular 
momentum to a geometric integral on the boundary, a la Komar (see e.g. [161 DLDj)- 
The construction of the integral identity will also clarify the relation between the 
Komar integral for the total angular momentum to the asymptotic ADM-like integral 
expression will we construct in proceeding sections. As usual in the Komar integral 
identities, we must assume the existence of a global (rigid) isometry to relate a matter 
integral in the bulk to a geometric integral on the boundary. The key ingredient 
allowing for such an integral identity for the total angular momentum of a Dirac field 
is the addition of an internal spin component to the geometric boundary integral 
representing the total angular momentum. 

To this end, consider a vector field W on the tangent space TT. We will generically 
denote the components of the vector field hj W = {6e, 5uj, 6ip, Sip). The vector field 
corresponding to a combination of an infinitesimal Spin{3, 1) xi Diff^ transformation 
is given by 

W = {Cue + [A, e] , C^u - , C^ij + X^j , Cj^^j - i^X) . (45) 
Now consider the expression 

n{W, ) =?? (46) 

where we have yet to evaluate the right hand side. Since the vector W is a bulk 
symmetry of the action, it also is the generator of a symplectomorphism so that the 
above expression is a closed (locally exact) one-form. Let's now evaluate the above 
expression using two different inputs for the field configuration. First we will evaluate 
the integral on the covariant phase space F C F consisting only of solutions to the 
Einstein-Cartan-Dirac field equations. We will also assume that we are restricting 
the phase space to the set of asymptotically flat spacetimes, the precise definition of 
which we will make clear later. For now, it will suffice to say that in the asymptotic 
limit, the frame and spin connection tend toward a fixed fiducial frame and spin- 
connection, °e and ^u, with = and °T = 0. On this subspace, only variations 
are allowed that preserve the field equations. To derive the desired integral identities, 
we must fix a global vector field K and a global spin(3, 1) generator, A. These are 
fixed in the sense that SK = SX = 0. Evaluating P6|) on this subspace, we have 

n(W, ) = \ I i<5uj\K,e]+i.uj{K)6ee- 5{\ [ ^Aee) . (47) 

where K = e{K). It can be shown that the first two terms on the right-hand side 
form a closed, locally exact one form allowing us to pull the S outside of the integral. 
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The next step is to evaluate the expression on the set of field configurations that 
admit a rigid isometry generated by the vector field which is now a Killing field, 
and its canonical pair A chosen so that Cj^e = —[A, e] and = DX for all tetrads 
and spin connections in this subspace, denoted . The vector field, W now reduces 
to 



W ^ (0,0,/:^^ + A^,£^^-^A), (48) 

so the desired expression depends only on the spinor-matter component of the sym- 
plectic form. Evaluated on this subspace, we have 

rt{W, ) = ^ J -^j^V^ * see-?/' — t/' T*r eee£^'?/' — 'i/'IA , T'reee}'?/'^ 

+ ^ / (ip ik eeeSip — 6ip eeeip) . (49) 
2 is 

In evaluating the above expression we have assumed that the spinor fields fall off 
sufficiently rapidly outside a compact region that we can ignore boundary terms 
involving the spinor fields. 

We can now combine these two expressions by considering the intersection = 
r n^A^, consisting if the set of solutions to the Einstein-Cartan-Dirac equations that 
admit a rigid isometry generated by K and A. In deriving the following, it will be 
useful to first point out the on-shell identities 

_ fif 
I Cji [i' -k e e e dip — Sip * e e e ip) — 

Jqj^Lx {-^Sto ee) = —d Jj.Li^{mip -k eeeeip)) ■ (50) 



k 



The first of these holds for any vector field K (not just Killing vectors) and establishes 
that not only is the total symplectic form hypersurface invariant, but the gravitational 
and fermionic components are separately invariant. Using these identities, on we 
have 

J I i.du[K,e]+*uj{K)6ee- d (j I ^A e e ) =^ (5Q|^,a} (51) 

where Qk^x is the Noether charge (jBl). Following [2], when the phase space is defined 
appropriately, the 6 can be pulled out of the integral at asymptotic infinity to yield 
the foUowingj 

--/ 'k[K,e]u-- *Aee = g{x,A}- (52) 

JdT, JdT. 



^Technically the equality is only valid up to a functional constant, but one can make general 
arguments that this constant should be set to zero, as we have done here. 
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In the case that vector field is an asymptotic translational Kilhng vector K = T, the 
generators A vanish (in a gauge where is constant) at asymptotic infinity and the 
integral reduces to 

= / ^[T,e]u = Q^f^^y (53) 

JdT, 

For an asymptotic rotational or boost Killing vector, K = L, the generators A do not 
vanish and the integral yields the relativistic momentum 

L{L)+S{X) = ~ f ^[L,e]u-^ f ^\ee = Q{i^^y (54) 

From this expression it is abundantly clear why we had to add the extra A-dependent 
term to the expression for the total angular momentum - in the expression for the 
Noether current, the term corresponding to the intrinsic spin angular momentum 
also involves A where it enters into the experession coupled to the intrinsic spin of 
the Dirac field. Thus, without this term the surface integral will not pick up the total 
angular momentum including intrinsic spin. 

It is of interest to note using the Einstein-Cartan equation of motion expressing 
the torsion in terms of the axial current, we can rewrite the right hand side of the 
above to yield: 

If rf a /" - 

— — / -k[K,e\uj + -kXee — 77 / Cj^tjj -k eeeip — -k eee Cf^ifj 

[ *\(Te-eT), (55) 

suggesting that the additional term in the surface integral of the left hand side comes 
directly from the non-zero torsion in the bulk that arises from the spin-torsion cou- 
pling. However, the precise role of that the torsion in the bulk plays in determining 
the geometry on the boundary is unclear at the present stage since the full results of 
this paper are strictly only known to be valid in the first order framework. 

5.1 The Komar integral 

To establish the relation of the above integrals with the Komar integral identity, we 
need to evaluate ( 15T|) in a slightly different manner. We first note that at asymptotic 
infinity where the torsion vanishes we have Tr{k\ee) = ^*dK where * is the external 
dual on the spacetime indices and K = Kje^. Note that this expression involves 
A = A — Lo{K). Next we can rewrite the left hand side of flSTl) to give 



-kXeej-- LK{-k5ujee) = 5Q{K,\}- (56) 



17 



Using the identity fl50l) . we have the desired Komar integral identity: 



To summarize, we have estabhshed the relation between the Noether current in the 
bulk, the ADM-like asymptotic expression for the momentum and angular momentum 
as a geometric boundary integral, and the Komar integral. Essential in the derivation 
of these expression is the addition of the term J^^ -kXee to the boundary geometric 
integral. Without this term, we fail to pick up the internal spin contribution to the 
total angular momentum, and the identities no longer hold. 



6 Spacetimes with Asymptotic Killing Vectors 

In deriving the integral identities above we had to begin with the assumption that 
the allowed spacetimes admit at least one global Killing vector K and its pair A. A 
generic spacetime need not have any global Killing vectors. Since we are interested in 
asymptotically flat spacetimes, we require that the phase space consists of spacetimes 
with asymptotic Poincare symmetry. More specifically, we fix a fiducial Lorentz frame 
°e and an associated connection ^uo such that °T = and = 0. 

Beig and Schmidt have shown that for space-times which are asymptotically flat 
the line element can be expressed as: 

where a = cr{^^) is a function of the angular coordinates, p the hyperbolic radius 
and hab the metric on the unit hyperboloid. As was discussed in [1], a is chosen to be 
reflection symmetric to eliminate super-translation ambiguities. Therefore our phase 
space is chosen to be the space of co-frames and connections compatible with this form. 
Let us therefore pick once and for-all a fiducial or 'background' frame, °e compatible 
with the Minkowski metric described in the p —>■ 00 limit above: ^g^u = rjjj ^e^ 
where rju is the Cartan-Killing metric on 50(3, 1). The asymptotic structure of such 
spacetimes was explored thoroughly in [iSj in which a conformal factor, R = p^^ 
is used to show that the geometry of spatial infinity is that of a hyperboloid. The 
restriction to even parity a corresponds to considering the leading contribution to the 
Weyl tensor to come entirely from the electric part. 

We will require that e admits an expansion of order 2, and hence we express 

e = °e + - + ^ + o(p-2) (59) 
p p^ 

whence we adopt the notation o{p^) to indicate terms such that p'^o{p~^) ^ as 
p — *• cxD. The cartesian coordinates of g°^^ and the associated radial- hyperboloid 
coordinates (p, $*) will be used in asymptotic expansions. 
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Let us now define the phase space that we will be working with throughout this 
paper. From general considerations, the phase space will consist of a dynamical tetrad 
with strong constraints on its asymptotic fall-off that define our notion of asymptotic 
flatness. The tetrad must be compatible with the Beig-Schmidt metric, together with 
parity conditions imposed in [1] that eliminate the logarithmic and super-translation 
ambiguities. Although [1] worked in a tetrad framework, the internal S0{3, 1) gauge 
freedom was fixed at the level of ^e. Thus, we require a slight generalization of the 
phase space defined there. Generically, one can show that a tetrad compatible with 
the fixed form of the metric fl58|) with the required parity conditions implies that the 
next to leading term in the expansion of the tetrad has the form 

% = a(<|.) - %) + (3\ (60) 

in which we adopt the convention of converting between internal and space-time 
indices with °e and hence set = ^e'^^p^, and we raise and lower internal indices 
with 7]. In this expression, the new contribution, f]^ must be such that = 
fiij^e^j = —(3ji. This additional term still preserves the required form of the metric. 
On the other hand, we will demand that retains even parity under the mapping of 
antipodal points of the asymptotic two-sphere. This enforces the constraint that ajj 
must also be of even parity. 

We use the compatibility between co-frame and connection to set ^uj = = 0, 
as our metric should asymptotically approach Minkowski space, leaving only "^uj to 
be determined completely by a, /3 and °e. We note that the symmetries of both 
and "^uo are fixed by the symmetries of a, (3 and °e. Since a and (3 are of even parity 
so is and in turn this sets "^uo to be of odd parity, facts which will be crucial in 
establishing the finiteness of our system. As was stated in [1] this restriction is not 
excessive - it places no restriction on the 4-momentum or Lorentz momentum of the 
system, but suffices to allow for a well defined action principle and finite conserved 
charges. 

Let us now turn our attention to the spin contribution to angular momentum 
in the total Hamiltonian. Generically, the allowable gauge transformations are the 
transformations that preserve the phase space defined above. To lowest order, the 
allowed diffeomorphisms must preserve the fiducial fiat metric ^gfj,ui which in fact 
fixes the first two orders of the diffeomorphism generators. The boosts and rotations 
are generated by the Killing vector ~^K^ which are characterized by their asymptotic 
behavior, ^ p, and their parity: the components '^K^^ must have parity odd, 
making the generator C-i^ an even operator under parity inversion. The translations 
are generated by the four translational Killing vectors ^K, which are also characterized 
by their asymptotic behavior ^ p^, and their parity: the components have 
even parity, making Co^ an odd operator. 

We expand our spin gauge transformation similarly. Generically, an internal gauge 
transformation is given by g{x) & Q = Spin{3, 1). Denoting Qq as the component of 
Q connected to the identity, and Qq as the identity connected component of Q whose 
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elements fall off at least as fast as (7 ~ ^, the elements of this subgroup are the 
pure internal gauge transformations of the theory. The remaining elements of Go/Qo 
can be expanded g = ^g + ^g/p + '^g/p^- An infinitesimal element of this subspace, 
(7 ~ 1 + X? is given by the Lie algebra element 

X = \ + - + ^. (61) 
P P 

From the requirement that our defined phase space is preserved under the allowable 
set of transformations, we can now impose constraints on the asymptotic fall-off of 
the allowable internal gauge transformations. As demonstrated in p[j, the constraints 
on the form of the metric at asymptotic infinity (that a is parity even) , constrains the 
allowable diffeomorphisms at asymptotic infinity by eliminating the logarithmic and 
super translation ambiguities. The remaining set of diffeomorphisms are generated by 
K = + + o{p^), where is a boost or rotation Killing vector (which grows 
like p) and is a translational Killing vector (which goes like ~ p°). These 
elements both preserve the form of °e^, which is constrained to be constant. This 
constraint also enforces °x to be a constant, global gauge transformation as well. On 
the other hand, under a generic transformation, we have 

le ^ le' = 'e + U^^e + L-.R^e + [\, ^e] + [^x, °e] . (62) 

Since £o^°e = and L-\j^e = — [°A, °e], for some °A, and noting that the hyperbolic 
radial vector is, by definition, preserved by boost and rotations so that C-ij^p^ = 0, 
we have 

^e" = a'ip'dp -° e') + /3''i,°e^ (63) 

with 

a' = a + C~ij^(T 

(3' = f3 + C-.Kf3+[\,f3]+'x (64) 

Recalling that C^i^ is an even operator (it sends parity even functions to parity 
even functions, and parity odd to parity odd), and must be constant, it is clear 
that °e' is still constant, and a' still has even parity. On the other hand since we have 
constrained to be of even parity, the phase space is preserved if and only if is 
parity even as well. 

Let us summarize our phase space and the constraints it puts on the allowable 
symmetries. An arbitrary infinitesimal diffeomorphism can be expanded (j)f^ = 1 + 
C-ij^ + + o{p^), and an arbitrary gauge transformation in Qq can be expanded 
g = ^g + ^g/p + "^g/ P^ + o(p~^). The phase space is then constrained as follows 

• °e is a fiducial flat tetrad with constant components, "^e^ in a Cartesian coordi- 
nate. This implies ^g is a constant, global gauge transformation. 
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• is constrained to be compatible with the Beig-Schimdt form of the metric, 
in addition to being parity even. Specifically its form is given by flMI]) . This 
constrains the first two diffeomorphism generators, and '^K, to be Killing 
vectors of the fiducial flat metric, and it eliminates the logarithmic and super 
translation ambiguities. In addition, this constrains to be parity even^ 

• is left unconstrained. This imposes no restrictions on higher order diffeomor- 
phisms or gauge transformations. 



6.1 The Gauss functional 

Let us now evaluate the Gauss functional with imposed conditions on the phase space. 
From our boundary conditions we can form an expansion: 

G'(x) =°G' + iG' + 2G' + o(p-2) (65) 

wherein the terms are defined: 

= -J [ p-\^\'e'e + 2i.'x'e'e + ^\'e^e + 2^\'e^e). (66) 

In the limit p — oo, only these first three terms (potentially) contribute, the rest 
are identically zero. At this point we notice that the first two orders in the expan- 
sion are potentially divergent, so we need to evaluate these under the assumption of 
asymptotic flatness to ensure finiteness of the expression. It is tempting to consider 
restricting our allowable transformations to be those which only yield a finite contri- 
bution to G(x), however it is apparent that simply using power counting arguments 
would not suffice for this purpose - these would rule out the sector of rigid rotations, 
those described by x = "x- However we shall see that the potentially divergent terms 
are in fact zero by use of parity arguments. 

^With this modification of the phase space, technically one must re-analyze the symplectic struc- 
ture to ensure its finiteness as well as the vanishing of the symplectic flux across the timelike surface 
at asymptotic infinity, which is necessary for conservation. Although we will not do this here, we 
note that even if these properties fail for arbitrary even j, one is still free to retreat to the stronger 
phase space condition that (3^ j is constant. In this case we are ensured finiteness of the conserved 
symplectic from the results of [1] since the modified phase space here simply differs from the phase 
space considered there by allowing global gauge transformations, which does not alter the action. 
This stronger constraint on the phase space does not affect any of the results to follow, including 
the form of the conserved charges. However, for generality we will consider the case where (3^ j is 
simply parity even. 
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6.2 Evaluating the potentially divergent terms 

We employ parity arguments repeatedly to show that the potentially divergent terms 
in our expansion of G{X) are in fact zero. Let us first examine the term "G: 

'G = -r f A°e°e (67) 



k 
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Since is of even parity and ''A is of odd parity the integrand, -k'^X^e^e is itself of 
odd parity, being the product of two even terms and one odd term. Hence we are 
integrating an odd function over 5*^ which will evaluate to zero. 

To understand this in some more detail, in a Cartesian coordinate system we write 
= ^ei dx^ and recall that the coefficients are constant. In addition, we recall that 
°X must be constant as well. The integral then becomes: 

— ^ I a OrjOKOL 

— —— / ^iJKL X e e 
'52 



ik 

1 
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V'njpja^'^ (68) 
52 



where = ^e^^n^ is the timelike normal to the hypersurface, is the unit hyperbolic 
radial vector, and a^^^ is the area two-form on S"^ induced by the flat tetrad °e. Since 
rti and both have even parity, but pj has odd parity, the total integrand (with 
respect to the measure a*^^)) has odd parity, and therefore integrates to zero on the 
domain 5*^. 

In fact, the parity arguments generalize to most of the terms in the expansion: 
one can show that the single term both of the terms in ^G, and the first two 
terms of ^G can be put in the form 



P 



'Xjjn'p'^a^^^ (69) 



s 



where a^^-* is the metric volume form on S"^ induced by °e and Xjj has even parity. 
Again, since has even parity and p"^ has odd parity, the total integrand has odd 
parity, so terms of this form integrate to zero. 

Thus, all of the potentially divergent terms are identically zero, so G(A) is explcitly 
finite with its sole contribution being: 

G{x) = 'G = -\f rVx°e^e + ^2x°e°e) (70) 

This establishes the finiteness of the theory with the chosen phase space. This con- 
struction follows the spirit of that used for the orbital contribution in pj in which 
parity arguments were required to show finiteness. Strictly speaking, we only need 
to consider the space of rigid rotations in this work, however since we have placed no 
restrictions on ^u; it is pleasant to note that similarly no restrictions need be placed 
on ^x. However, we will now show that the spin-enlarged Poincare algebra follows 
strictly from the rigid rotation sector. 
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7 Generating functionals of the Poincare algebra 



In the absence of internal degrees of freedom, as in geometrodynamics, the key defining 
property of asymptotic flatness is the existence of a Poincare symmetry at asymptotic 
infinity. Whereas the bulk gauge symmetry has the generic structure of Dif f^lM), 
the gauge symmetry must reduce to the set of symmetries that preserves the fiducial 
flat metric, ^g^i,, near asymptotic symmetry. Thus, near asymptotic infinity, the gauge 
symmetries reduce to true symmetries, and the algebraic structure of the generators 
of the gauge transformations must reduce to Lie algebra of the subgroup Dif f^irf) = 
IS0{3, 1). Without this requirement, one loses the notion of asymptotic flatness and 
the conservation of momentum and orbital angular momentum. 

With internal spin-degrees of freedom, the set of gauge symmetries is enlarged. In 
particular the bulk gauge group, the diffeomorphism group, is enlarged to the bulk 
gauge group Spin{3, 1) xi Diff^i^M). The true symmetry group at asymptotic infinity 
is, thus, also modified. To see precisely how it is modified, we need only to look at 
the algebra generated by the rigid gauge transformations in the particular basis given 
by ( 135|) . Since the set of vectors R'^^-'^ are Killing vectors of a fiducial flat metric, 
which in this basis is ^g^j.^ = rj^u, their algebra under the Lie bracket is the subalgebra 

i5o(3,l). Similarly, the generators A''-'^'^^ = ^1^1^ ^ki} also generate a subalgebra, 
namely spin(3, 1). A key property that is obvious in this basis, but also must hold in 
any basis, is that the differential generators of the subalgebra iso(3, 1) commute with 
the matrix generators of the subalgebra spin(3, 1): 

CK[X,f]-[X,CKf] = [CKX,f]=0. (71) 

Because of this the true rigid symmetry group loses its status of a semi-direct product 
and reduces down to 

Spin{3, 1) O 150(3, 1) = Spin{3, 1) O {S0{3, 1) k M^.i) . (72) 

In addition to this, the subgroups Spin{3, 1) and 50(3, 1) are not independent, but 
are constrained by the condition that they define a rigid gauge transformation, in this 
case preserving the fiducial flat tetrad °e^. Thus there must exist a map from the 
fundamental representation of spin(3, 1) to the differential operator representation of 
so(3, 1), denoted by : M(spin(3, 1)) D{so{3, 1)). At the level of the Lie algebra, 
the map must be bijective (it should be 2 to 1 at the group level). Specifically, in this 
basis the map is given by 

(i7^7^ aK>) = Ai;? "e^e^ x'^£- = Ri^^^ . (73) 

In total, we will denote the identity connected component of the group with structure 
f l72|) and the above locking condition by 0(°e^). 

The key point, is that the generators of symmetries at asymptotic infinity should 
also preserve this algebraic structure. If not, our notion of asymptotic flatness fails, 
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and we will lose any notion of conserved total angular momentum. We can now easily 
generalize the algebraic restrictions on the generators of rigid gauge transformations to 
generators of symmetries at asymptotic infinity. First, the requirement that the gauge 
group, Spin{3, 1) xi Dif f^^M) reduces to the subgroup Spin{3, 1) {S0{3, 1) k M^'^) 
must be carried over to the functional generators of momentum and angular mo- 
mentum. Splitting total angular momentum into an orbital and a spin contribution, 
'^totai ~ + ^^"^ y under the Poisson bracket, the Lie algebra of L^"^ and the ordinary 
momentum generators must reproduce the subalgebra iso(3, 1). Similarly, the 
spin generators S^"^ must reproduce the algebra spin(3, 1). These two requirements 
are automatically guaranteed from general arguments. However, the third require- 
ment, that the symmetry group reduces to a direct, rather than semi-direct product 
is not guaranteed unless the term in S^'^ involving ^A^^"^^ vanishes. More specifi- 
cally, since is an unconstrained function at asymptotic infinity if we simply take 
S{\) = G{\), we will generically have 

{L{K),S{X)} = S{CjiCX))y^O, (74) 

and the algebra will fail to be that of a direct product. 

Secondly, the requirement that that there exists a map between the matrix gener- 
ators of the internal group Spin{3, 1) and the differential operator generators of the 
spacetime isometry group 5*0(3, 1) easily generalized to the requirement that there 
exists a biiective map from functionals to functionals, $ : JF — JF, such that as 
functionalqj ^{S^"^) = U'-' . Here we appeal to the results of ([Ij) where it was shown 
that orbital angular momentum functional is explicitly finite, and all but the leading 
order terms in the diffeomorphism generators vanish by parity arguments and the re- 
striction on the phase space, which we have employed here. Once again, this implies 
that the map exists only for the °A term in S^'^ . Thus, we define the total angular 
momentum to be the combination 

J'^ = L'\K) + S'\^\) (75) 

where K and °A are canonical pairs forming a rigid gauge transformation. We can 
now check that the resulting algebra has the desired properties. 

First we note that with the stated conditions, the map $ exists and has the 
pleasing form in the Cartesian basis for the vector generators fl35p : 

^S^J^XiiJ})) = L^J{(j){Xi^J})) = L^-\K^^j^) . (76) 

Next we need to check that the algebra of the momentum, orbital angular momentum, 
and spin angular momentum forms a representation of the Lie algebra of C5(°e) = 

^We emphasize here that this is a map from functionals to functionals. This docs not mean that 
the spin angular momentum and the orbital angular momentum are numerically identified. 
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Spin{3, 1) ® {S0{3, 1) x M^'^). The algebra can be computed explicitly resulting in 
the following 

{P^,P'} = 0, (77) 
which defines the subalgebra of IS0{3, 1) = S0{3, 1) k R^'^, together with 

{S'\S^^} = 2r/^~[^5^]^ - 2r/^[^S^]^' 
{5^^,P^} = 

{S'^~ , L^^} = . (78) 

In total this is precisely the Lie algebra of 6(°e) = Spin{3, 1) ® {S0{3, 1) k M^,!), 

Since the generating functionals themselves form a representation of the appro- 
priate algebra, we can now construct two invariants from the Casimirs. As usual, the 
first invariant is quadratic Casimir which yields the mass square: 

C2 = -M^ = PfP^ . (79) 

The second invariant is the quadratic Casimir which we identify with the total 
(spin+orbital) angular momentum invariant of the spacetime: 

C4/C2 = WjW'/PfP' = SiS + 1) Wj = \efj^LP\L^^ + S^^) . (80) 

The invariance of these quantities follows from the commutation relations fl77|) and 
dZS}. 



7.1 A new Poincare invariant charge 

In the previous section, we saw that the from the canonical pair, 
forming a rigid gauge transformation, one can construct the generating functionals of 
the spin-enlarged Poincare algebra. On the other hand, given any infinitesimal gauge 
transformation, (7 1 + °A + ^A/p + ^A/p^, satisfying our constraints on Qq one can 
define a conserved charge as follows. First find the canonical dual Killing vector, K 
to "^A, and construct the functional 

L{K) + G(°A + U/p + ^A/p^) = L{K) + 5(°A) + Q^X) (81) 

where we have defined a new charge 

g(2A) = -i / p-2^2^°e°e. (82) 
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This charge is manifestly finite, and it is conserved. Physically, it is the generator of 
the internal gauge symmetries g ~ o(p~^). Furthermore, as we will now show, the 
charge is invariant under the spin-enlarged Poincare trasnformations. The charge is 
peculiar in the sense that it only depends on the asymptotic structure of the gauge 
transformatioE0- In this sense, the integral Qi^X) picks out Poincare invariant topo- 
logical information associated with the global structure of the gauge transformation. 

We will now show that Q{^X) is invariant under the spin-enlarge Poincare group, 
or equivalently that linear momentum and the total angular momentum are invariant 
under transformations. To see this, consider the change in the orbital piece of the 
angular momentum under a transformation: 

{QC\),LiK)} = CrQCX) 

= +T I P"' * 6i?(°e°e)c/2A. (83) 

Integrating by parts and recalling that d^e = 0, this reduces to 

ll^^p^' ^C^Ce'eyX = ll^^p~' ^f>X,'Xre'e (84) 

where we have used the fact that Cj^^^e = — [°A,°e]. Thus in total under this trans- 
formation we have 

QCX) ^ QCX) + \ I p-^ [°A, ^A] e e . (85) 
k Js^ 

We conclude that the charge Q(^X) is not by itself invariant under the set of 
allowed diffeomorphisms. On the other hand, if we consider the total expression 
Jtot = L{K) + S{^X) and note that under gauge part of the transformation we have 

QCx) ^ qCx) + Co-m^x) 

= QC>^)~t [ p-' *[°A,2A]ee. (86) 
k Js^ 

So, we see that the separate contributions from the change in the orbital and spin 
pieces cancel yielding 

{Q('A), Jtot} = 0. (87) 
In addition one can show that the linear momentum also commutes with Q(^X): 

{QCX),PiK)} = 0. (88) 

^It can also depend on the choice of fiducial fiat tetrad "^e, bit this dependence can be eliminated 
by a suitable basis invariant method of defining g 
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Thus, the charge Q{^X) is now invariant under the spin-enlarged Poincare group. We 
can turn this argument around to say that the total angular momentum is invariant 
under gauge transformations g ~ o{p~^). This is yet another reason why the internal 
spin functional must be added to the total angular momentum - it is necessary in 
order to preserve gauge invariance of the total angular momentum. 

In total the algebra of the conserved quantities has the formal structure: 

{L,L}~L {s,s}-^s {L,g}~g {g,g}~o 
{L,p}-p {5,L}~o {5,g}--g (89) 
{p,p}~o {s,p}r^o {p,g}~o 



7.2 Gauge invariance of the momentum and angular momen- 
tum 

We will now establish gauge invariance of the momentum and total angular momen- 
tum under the set of allowed internal gauge transformations. The previous calculation 
demonstrated gauge invariance of the total momentum and angular momentum un- 
der g ~ o{p~^) basis transformations. It remains to demonstrate invariance under 
gauge transformations generated hjgr^'^g + ^g/p + o{p~^), subject to the condition 
that '^g is global, and ^g is parity even. To this end, suppose we have two bases e 
and e* related by a gauge transformation: = geg~^. We need to establish the 
equivalence of P = P{K, e) and L + 5 = L{K, e) + 5(°A, e) with P* = P{K, e*) 
and + = L{K,e^) + 5'(°A*,e*). We will demonstrate this under the assump- 
tion that g is infinitesimal. We first note that the relation between °A* and °A is 
fixed by the requirement that K and *^A* is a rigid isometry for °e* — e-\- [°x, °e] for 
gr fa 1 -I- °X -I- ^xl P- This yields the condition 

OA, = OA + °A] . (90) 

The total expression then becomes 

= L + S+^J^p~'^iK{ee)d\-J^p-'^[''X,'x]ee (91) 

where we have used the constancy of Due to the parity conditions on ^x, the 
second term of the right hand side of the last line above vanishes. If ^ = '^K is 
a translation Killing vector the remaining term only involves °e since in this case 
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K . In this case we have 



= (92) 

where the last hne again follows by parity arguments. In the case that K = ~ 
is a boost or rotational Killing vector, we have 

IJ^p'' ki-iK{ee)d'x = \j^p-^2kL-.K{W)d\. (93) 

With the form of given by (1601) . some calculation reveals that the above expression 
integrates to zero. Similarly, one can show that the linear momentum is invariant. 
Thus, combined with the invariance of Jtot under demonstrated in the previous 
section, we have 

L, = L S, = S P, = P, (94) 

demonstrating the invariance of our expressions under the set of allowed internal 
gauge transformations. 



8 Summary and Conclusions 

In this paper we have argued that in the presence of spinorial matter sources, the 
ordinary angular momentum must be supplemented with an additional term corre- 
sponding to the internal spin angular momentum of the spacetime. The key algebraic 
signature of the existence of an internal spin structure can be seen form the structure 
of the isometry group, which is given by the isometry group of the fiat tetrad, 0(°e) 
isomorphic to Spin{3, 1) ^ {S0{3, 1) ix M^'^), together with the requirement that the 
50(3, 1) and Spin{3, 1) subgroups are "locked" in order to preserve the fiat tetrad 
°e. This group structure, which we refer to as the spin-enlarged Poincare algebra, 
is the basis for ordinary (spin+orbital) angular momentum in standard fiat space 
quantum field theory. In the context of first order Einstein-Cartan theory, in order 
to arrive at a notion of conserved total angular momentum including internal spin, 
the isometry group of the spacetime must asymptotically reduce to the spin-enlarged 
Poincare algebra. This means that the internal structure group of Einstein-Cartan 
gravity must at some level descend to the spin-enlarged Poincare algebra so that 
Spin{3, 1) X Diffi Spin{3, 1) (50(3, 1) k M^'^) with the "locking" condition on 
the Lorentz subgroups. This should now be the isometry group at asymptotic infinity. 
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and the generators of these transformations on the phase space of asymptotically flat 
spacetimes should be related to the energy-momentum, orbital angular momentum, 
and spin-angular momentum. 

By assuming the existence of a global spin-enlarged isometry, we were able to 
demonstrate the relation between the Noether charges of the Dirac field, the asymp- 
totic ADM-like boundary integral, and the Komar integral. Essential in the derivation 
was the inclusion of the additional term S{X) = — J -kXeeto the total angular mo- 
mentum. Without this term, the integrals would fail to pick up the internal spin of 
the matter fields in the bulk, and the integral identities would not hold. 

By an explicit analysis of the asymptotic phase space, made possible by recent re- 
sults on the finiteness of first-order gravity without infinite counter-terms, we demon- 
strated the finiteness of the integral expressions and the existence of a spin-enlarged 
Poincare symmetry provided that certain restrictions are placed on the generators of 
the symmetry at asymptotic infinity. These restrictions ensure that at lowest order, 
the generators K^^"^^ and A'^'^'^^ do in fact generate the spin-enlarged Poincare sym- 
metry at asymptotic infinity, and at higher orders they generate the "pure gauge" 
transformations of the bulk. As expected, under the Poisson bracket the resulting gen- 
erating functionals do form a representation of the the Lie algebra of 0(°e) together 
with the locking condition on the Lorentz subgroups. Given these algebraic prop- 
erties, and the demonstrated relation among the functional generators, the Noether 
charge, and the Komar integral, we can safely identify the new term L^"^ + S^"^ with 
the total relativistic angular momentum of the asymptotically fiat spacetime. 
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